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The loss  of s tabi l i ty  of a suc t ion-cont ro l led  b o u n d a r y - l a y e r  flow with r e spec t  to smal l  but 
finite pe r t u rba t i ons  is  analyzed.  Hard  exci tat ion of se l f -osc i l l a t ions  is a special  c h a r a c t e r i s -  
t ic  of this  kind of flow. An unstable  s ta te  of se l f -osc i l l a t ion  ex is t s  within a ce r ta in  dis tance 
of the neut ra l  cu rve  (in the range  of s tabi l i ty  of the or iginal  flow) for  all  Reynolds number s  
Re. 

The use  of ex te rna l  control l ing fac to rs ,  such as  a negat ive p r e s s u r e  gradient ,  suction, a t r a n s v e r s e  
magne t ic  f ield (in the case  of a conducting medium),  and so on, enables  the l a m i n a r  mode  of flow in a boundary  
l a y e r  to be  extended to fa i r ly  high Reynolds numbers ,  this  effect  being due to the g r e a t e r  degree  of occupation 
of the ve loc i ty  p rof i l es .  It is neve r the l e s s  found that  this extended l a m i n a r  s ta te  loses  s tabi l i ty  with r e sp ec t  
to finite pe r tu rba t i ons  in an explosive  m a n n e r  for  Reynolds number s  s m a l l e r  than the c r i t i ca l  value calcula ted 
f rom the l inea r  theory.  

Af te r  the loss  of s tabi l i ty  the or iginal  s t e ady - s t a t e  flow is rep laced  by a pe r iod ic  flow of the uniform 
a l te rna t ing  s e l f -o sc i l l a t o ry  type. The ex is tence  of se l f -osc i l l a t ions  of this kind as solutions of the N a v i e r -  
Stokes equations b ranch ing  off f rom the s t eady - s t a t e  solution was  p roved  in [1]. The se l f -osc i l l a t ions  b ranch  
off at  Reynolds num ber s  co r respond ing  to points  on the neut ra l  cu rve  of the l inear  theory  of stabil i ty.  The 
nonl inear  s tabi l i ty  of flow in a p lane  channel was  studied in [2], and the '~nard" c h a r a c t e r  of the loss  of s tab i l -  
ity expe r i enced  by the or iginal  flow was  proved.  

w 1. Fo r  uniform suction at  a constant  veloci ty  v0, the asympto t i c  p rof i le  of the boundary l a y e r  b a s e d  on 
the d i sp lacemen t  th ickness  6 .  = v / I v01 and the veloci ty  at infinity u~ takes  the form 

u : I -- e-u. (i . i)  

Here (1.1) is the exact solution of the Navier-Stokes equations for the case of plane-parallel motion [3]. Al- 
lowing for the transverse velocity component, the stream function of the perturbed motion satisfies the equa- 

tion 
OA~/Ot -~ uOA~/Ox - -  u"O~/~x - -  (l/Re)AA~ --  ( l /Re)aA~/Oy : 

= (O~p/Ox)OA~,~y - -  (Oq'~/Oy)OA$/Sx (1.2) 

with boundary conditions b a s e d  on the a t tachment  of the flow to the wall  and the r equ i r emen t  of min imum 
growth as  y ~ ~ .  Here  Re = u ~ 5 . / v  is based  on the d i sp lacement  th ickness  of the boundary  l aye r  5. ; A is 
the Laplace  opera to r .  

Following [2], we take an a r b i t r a r y  point cor responding  to Re 0 on the neut ra l  curve  of the l inea r i zed  
Eq, (1.2). We put 

Re = Re 0 -7 e"-/, f :  • i (1.3) 

and seek  the solution to (1.2) in the fo rm of a s e r i e s  in t e r m s  of the smal l  p a r a m e t e r  

t_  ~ S k C h ( x _ _ c t . g ) ,  Rec Re o ~ c~e k. (1.4) 
h=O 

Substituting (1.4) into (1.2) and equating the coeff icients  of e k, to zero ,  we obtain a s e r i e s  of  equations,  
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AA$~ - -  Re o [(u --  Co) ~ - -  ~y 

- -  ~ - -  Re0ch--~ " (1.5) 

F o r  k = 1, Eq. (1.5) i s  h o m o g e n e o u s  and  i t s  so lu t i on  t a k e s  the  f o r m  

~t(x - -  ct, g) = ~{qc(g) exp [ ia(x --  ct)] +-~(y)  exp[ - - ia (x  - -  c01}, 

w h e r e  go (y)  i s  the  so lu t i on  to the  m o d i f i e d  O r r - S o m m e r f e l d  equa t ion ,  

L~(p ~--~ ~c ~v - -  2c(-'(p" -j- ~ 0 , - -  i s  Reo[(U - -  c0)(q~" - -  u"~) - -  u'f(p] + (~ ' "  - -  u ~  ') = 0 (1.6) 

w i t h  b o u n d a r y  c o n d i t i o n s  ~o = ~o ' = 0 a t  y = 0 and  the  r e q u i r e m e n t  of  m i n i m u m  g r o w t h  in  r (y) a t  inf in i ty .  F o r  
s u f f i c i e n t l y  l a r g e  y w e  m a y  t a k e  u" = 0, u = 1. The  s o l u t i o n s  of  (1.6) f a l l i ng  off a t  in f in i ty  then  t ake  the  f o r m  

q = Ci exp (--cry) ~- C~ exp (--Tg), 

w h e r e  

? = ~ ? r  §  ?r = l : ' 2 - - •  • = ( ] / a  § 1/(  a2~-b~)/2;  

Yt = b/2• a = az--)l/4; b = a Re0(l - -  Co). 

A l lowing  fo r  t h i s  k ind  of  a t t e n u a t i o n  in t he  p e r t u r b a t i o n s ,  t he  b o u n d a r y  c ond i t i ons  a t  the  o u t e r  b o u n d a r y  ( fo r  
r e a s o n a b l y  l a r g e  y )  m a y  b e  w r i t t e n  

(~" - ~ : ~ ) '  + v ( ( ~ "  - ~ q )  - 0 ;  

(tp" - -  72~), + u(~,, _ y ~ )  = 0, g = A .  

N u m e r i c a l  c a l c u l a t i o n s  w e r e  c a r r i e d  out  fo r  a f in i t e  r a n g e  of  v a l u e s  0 < y < A, w h e r e  A = 10. I n c r e a s i n g  the  
r a n g e  of  i n t e g r a t i o n  had  h a r d l y  any e f f ec t  on the  r e s u l t s .  

In e x p a n s i o n  (1.4) f o r  the  s t r e a m  func t ion ,  the  t e r m  c o r r e s p o n d i n g  to k = 2 t a k e s  the  f o r m  

qh = fiz{V0(g) + VI(Y) exp [2icr - -  ct)] + VI(g) exp [--2i~(x - -  ct)]}. 

The  func t ion  VI(Y) shou ld  s a t i s f y  the  i n h o m o g e n e o u s  equa t ion  

L2~V 1 = i~(~,2__ ~q~,,), 

w i th  b o u n d a r y  c o n d i t i o n s  V 1 = V[ = 0 a t  y = 0, and  wi th  the  m i n i m u m  g r o w t h  cond i t ion  a t  inf in i ty .  The  func-  
t ion  V0(Y) s a t i s f i e s  the  b o u n d a r y  p r o b l e m  

v v  + v ;  = ~ ( ; , ~ ' -  ~ ' ) " ,  Vo = Vo = o a~ y = 0 

and the  cond i t ion  of m i n i m u m  V0(y) g r o w t h  a t  in f in i ty ,  wh ich  m a y  be  e x p r e s s e d  in the  f o r m  

Iv; - Vo" = 0; 

Iv0 + Vo = 0 ~ y : A 

The  cond i t ion  f o r  t he  s o l u b i l i t y  of  (1.5) when  k > 1 i s  the  equa t ion  e k = 0 f o r  odd  k. 

It fo l lows  f r o m  (1.5) tha t  ~3 wit1 b e  the  s u m  of  h a r m o n i c  o s c i l l a t i o n s  w i t h  wave  n u m b e r s  a and  3~ .  
The  cond i t ion  f o r  the  s o l u b i l i t y  of  the  equa t ion  g o v e r n i n g  the  anapl i tude  of  the  f i r s t  h a ~ o n i c  t a k e s  the  f o r m  

- -  cz R e 0 I  , @ ~:L, --3 ]I3 = 0 ,  ( 1 . 7 )  

where I~ = ~ 0 (y)(~" -- ae~f) dy ; 
0 

0 

- ~v;" + 24' ( v l  - ~ v , )  + ~ (v7 - ~ . w l ) ]  cZy; 

I~ = j" 0(y) [u  (~0" - -  ~%p) - -  u"~] dg.  
0 

H e r e  0(y) i s  a s o l u t i o n  of  the  p r o b l e m  c o n j u g a t e  to (1.6).  I n t e g r a t i o n  i s  c a r r i e d  out  w i th  r e s p e c t  to an in f in i t e  
r e g i o n ,  bu t  the  i n t e g r a l s  c o n v e r g e  by  v i r t u e  of t he  e x p o n e n t i a l  a t t enua t i on  of  the  i n t e g r a n d s .  In v iew of  the  fac t  
t h a t  on the  n e u t r a l  c u r v e  
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5 "0 /5 Re. i:_04 

Fig. I. 

ORe = ] ~  S (1 r i 2 -}- a~ I ~ I ~) dy , 
D 

where  E is  the energy  of the se l f -osc i l l a t ions ,  the sign of f in (1.7) coincides  with the sign of the der iva t ive  
~E/~Re on condition that  f12 > 0~ This  coincidence m a y  be  i n t e rp re t ed  as the exis tence  of supe rc r i t i ca l  o r  
subcr i t i ca l  se l f -osc i l l a t ions  [ see  (1.3)]. 

Numer i ca l  ca lcula t ions  c a r r i e d  out by the method of di f ferent ia l  advance  and matching  of the solutions 
[4] showed that  in the case  under  cons idera t ion  OE/a Re < 0 on thewhole  of the  l o w e r b r a n c h  of the neut ra l  curve  
and p a r t  of the upper  branch,  i .e . ,  the se l f -osc i l l a t ions  b ranched  in the d i rec t ion of s m a l l e r  Reynolds num-  
be r s .  Se l f -osc i l la t ions  exis t  in the region co r respond ing  to the s tabi l i ty  of the or iginal  flow, but a r e t h e m s e l v e s  
unstable.  The foregoing r e su l t s  a r e  i l lu s t r a t ed  in Fig. 1, which indicates  the neutra l  curve  for  asympto t ic  
flow in a boundary  l a y e r  with suction. The a r r o w s  show whe re  the s e l f -o sc i l l a t o ry  conditions exist ;  t he i r  
d i rec t ion  c o r r e s p o n d s  to the sign of the der iva t ive  ~E/~ Re. The change in the sign of ~E/~ Re,  which p a s s e s  
through zero  at  the point ~ = 0.1807, Re = 87612, does not have any fundamental  s ignif icance,  but is  a s s o c i -  
a ted  with a change in the or ienta t ion  of the s tabi l i ty  range  re la t ive  to the neut ra l  curve.  The c h a r a c t e r  of the 
b ranch ing  at  the tip of the neutra l  curve ,  at which ~ ,  = 0.1557, R e .  = 54370, is of fundamental  s igni f icance .  
If the se l f -osc i l l a t ions  b r anch  into the region of s tabi l i ty ,  then for  Re < R e .  the or ig inal  flow is unstable with 
r e s p e c t  to finite pe r tu rba t ions ,  and se l f -osc i l l a t ions  of finite ampli tude o r  turbulence  m a y  a r i s e  ins tan tane-  
ously for  the f i r s t  t ime.  Thus,  the nonl inear  c r i t i ca l  Reynolds number  is s m a l l e r  than that calcula ted by the 
l i nea r  theory.  The s a m e  r e su l t s  as  to the c h a r a c t e r  of the branching a r e  obtained if, in Eq. (1.2), we omi t  the 
t e r m  respons ib le  for  the exis tence  of a t r a n s v e r s e  r a t e  of suction, but the re  is a slight change in the c r i t i ca l  
p a r a m e t e r s ,  which a r e  now R e .  = 47100, ~ ,  = 0.1625. 

w The veloci ty  p rof i l e  of the boundary (wall) flow of a conducting, i ncompres s ib l e  liquid subject  to a 
fa i r ly  s t rong  t r a n s v e r s e  magne t i c  f ield t akes  the s a m e  fo rm (1.1), the only di f ference  being that  the d i sp lace -  
men t  th ickness  5 .  = l / G ,  where  G is the Har tmann  number .  In Eq. (1.2) ins tead of the t e r m  assoc ia t ed  with 
the constant  t r a n s v e r s e  veloci ty,  i .e . ,  (1/Re)aA@/~y,  we shall  have an additional t e r m  of the fo rm ( 1 / R e . )  �9 
82@/~y 2. The p a r a m e t e r s  co r respond ing  to the tip of the neut ra l  cu rve  will  be  R e .  = 48,300, ~ .  = 0.1617. 
Otherwise ,  the b ranch ing  of the s t e ady - s t a t e  solut ions will be comple te ly  analogous to that  desc r ibed  in the 
foregoing. On the whole neut ra l  curve  se l f -osc i l l a t ions  will  b r anch  into the region cor responding  to the s t a -  
bi l i ty  of the or ig ina l  flow. At the tip of the neut ra l  cu rve  ~E/8 Re < 0, i .e . ,  se l f -osc i l l a t ions  will ex is t  fo r  
Reynolds n u m b e r s  s m a l l e r  than the c r i t i ca l  value given by the l i nea r  theory.  The calculat ions were  in eve ry  
case  continued to Re va lues  g r e a t e r  than those shown in Fig. 1. 

The re  is a wel l -known resu l t  accord ing  to which the s tabi l i ty  loss  b e a r s  a soft c h a r a c t e r  for  Blas ius  
flow, but is  of a ha rd  c h a r a c t e r  for  even slight negat ive p r e s s u r e  gradients ,  although a negat ive p r e s s u r e  
gradient  i n c r e a s e s  the s tabi l i ty  of  the flow in the boundary  l a y e r  re la t ive ly  to infinitely smal l  pe r tu rba t ions .  

Thus,  by making  use  of app rop r i a t e  control  f ac to r s  we m a y  extend the l a m i n a r  mode  of flow to ve ry  
l a rge  va lues  of Re. At the s a m e  t ime,  pe r tu rba t i ons  of finite ampli tude lead to a loss  of s tabil i ty of the o r ig i -  
nal s t e a d y - s t a t e  p r o c e s s  for  Reynolds num be r s  cons iderably  s m a l l e r  than those  indicated by the l inea r  
theory.  This  impl ies  that  the nonl inear  c r i t i ca l  Re n u m b e r  p o s s e s s e s  conse rva t ive  p r o p e r t i e s  with r e s p e c t  to 

the  ex te rna l  control l ing fac to rs .  

The author  wishes  to thank M. A. Gol 'dsht ik  and V. N. Shtern for  i n t e re s t  in this  work.  

196 



1~ 

2. 

3. 
4. 

L I T E R A T U R E  C I T E D  

V. I. Yudovich, "Development of self-oscillations in a liquid," Prikl. Mat. Mekh., 35, No. 4, 638-655 
(1971). 
I. P. Andreichikov and V. I. Yudovich, "On self-oscil latory modes branching from Poiseuille flow in a 
plane channel," Dokl. Akad. Nauk ssSR, 20__~2, No. 4, 791-794 (1972). 
H. Schlichting, Boundary-Layer Theory, 6th ed., McGraw-Hill (1968). 
M. A. Gol'dshtik, V. A. Sapozhnikov, and V. N. Shtern, "Local propert ies of the problem of hydrody- 
namic stability," Zh. PriM. Mekh. Tekh. Fiz., No. 2, 56-61 (1970). 

197 


